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Abstract. Let 33 be the space consists of pairs (/, g), where / is a univalent 
function on the unit disc with /(O) = 0, 3 is a univalent function on the exterior 
of the unit disc with 3(00) = 00 and f (p)g' {00) = 1. In this article, we define 
the time variables tn,n & Z, on T> which are holomorphic with respect to the 
natural complex structure on X) and can serve as local complex coordinates 
for 33. We show that the evolutions of the pair (/, g) with respect to these 
time coordinates are governed by the dispersionless Toda hierarchy flows. An 
explicit tau function is constructed for the dispersionless Toda hierarchy. By 
restricting 33 to the subspace E consists of pairs where /{w) = l/g{l/w), we 
obtain the integrable hierarchy of conformal mappings considered by Wieg- 
mann and Zabrodin |31l . Since every homeomorphism 7 of the unit circle 
corresponds uniquely to an element (/, g) of 33 under the conformal welding 
7 = g~^ o /, the space Homeoc(S'^) can be naturally identified as a subspace 
of 33 characterized by f(S^) = g{S^). We show that we can naturally define 
complexified vector fields 9„,n S Z on Homeoc(S^) so that the evolutions 
of (/, g) on Homeoc(S^) with respect to dn satisfy the dispersionless Toda 
hierarchy. Finally, we show that there is a similar integrable structure for the 
Riemann mappings (/~^, g~^). Moreover, in the latter case, the time variables 
are Fourier coefficients of 7 and f/7^^. 



1. Introduction 

Introduced in [24l [25] as the dispersionless limit of the well-known Toda lattice 
hierarchy |30| , dispersionless Toda hierarchy can also be interpreted as describing 
the evolutions of the coefficients of two formal power series {C, C) with respect to a 
set of formal time variables n G Z. Here C{w) = w+ (lower power terms), and 
C^w) = w-\- higher power terms. Under certain analytic conditions, £ is a function 
univalent in a neighborhood of 00, and £ is a function univalent in a neighborhood of 
the origin. It is therefore natural to link up evolutions of conformal mappings with 
dispersionless Toda hierarchy. Starting from the work of Wiegmann and Zabrodin 
[5T] , the integrable structure of conformal mappings has aroused considerable inter- 
est [ni|2i[20lli[l3[ll[ll[T5l[a[l[TS[2a[l[g[ll[3^ Wiegmann and Zabrodin 
|31j defined a set of time variables tn,n > 0, on the space of conformal mappings 
g that map the exterior of the unit disc onto the exterior of a simply connected 
domain that contains the origin. They showed that the evolutions of the conformal 
mappings {g{w),l/g{l/'w)) with respect to (. . . , — ^2, — fi, ioi ii) ^2, • ■ •) satisfy the 
dispersionless Toda hierarchy. They also defined the notion of tau function for an- 
alytic curves, which is the tau function for the hierarchy. Later it was revealed that 
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this problem is closely related to the Dirichlct boundary problem and two dimen- 
sional inverse potential problem |201 132j , and it can be put under the framework 
of conformal field theory [26] . By a straightforward modification, it was shown in 
[20j that the deformation of the conformal mapping / of the interior domain can 
also be described by the dispersionless Toda hierarchy. However, the evolutions of 
the interior mappings / and the evolutions of the exterior mappings g are treated 
using different time coordinates. 

In this paper, we consider a more general conformal mappings problem. Denote 
by X) the space consists of pairs of conformal mappings (/, 5) , where / is a univalent 
function on the unit disc D and g is a univalent function on the exterior of the unit 
disc D*, normalized so that /(O) = 0, 5(00) ~ 00 and f'{0)g'{oo) — 1. We also 
assume that both / and g can be extended to homeomorphisms of the extended 
complex plane. Moreover, the interior domain = /(B) does not contain 00 and 
the exterior domain = 5(D*) does not contain the origin. A set of complex 
time variables tn,n e Z, are defined on £) so that the coefficients of / and g depend 
holomorphically on t„. We construct a tau function on the space J) and use it to 
show that the evolutions of the conformal mappings (g, /) with respect to the set 
of time variables t„,n G Z, satisfy the dispersionless Toda hierarchy, with C = g 
and C — f . 

In the language of Takasaki and Takebe [24] , the solution to the dispersionless 
Toda hierarchy we considered is the solution to the Riemann-Hilbert problem 

(1.1) £7W"i=£, M=M, 

which has been considered in the formal level in 23J in relation to two dimensional 
string theory. Here M. and M are the Orlov-Shulman functions. A consequence of 
(jl.ip is that C and C satisfy the string equation |£, = 1, or more precisely, 

it \ ft dg{w)d,f{w)-^ df{w)-^ dg{w) 

{9HJH }t--'^ m^-'^^ m^ = ^- 



Let E be the subspace of D consists of (/, 5) with f{w) — l/g{l/w). We show 
that E is characterized by i„ — —t^n- The restriction of the dispersionless Toda 
flows to the subspace S is the integrable structure of conformal mappings consid- 
ered by Wiegmann and Zabrodin [3T]. Another interesting subspace of J) is the 
space characterized by f{S^) = g{S^), which is equivalent to g~^ o f being a 
homeomorphism of the unit circle. In fact, for every homeomorphism 7 of the 
unit circle, there is a unique element (/,<?) of 2) such that 7 = g^^ o /. Therefore, 
we can identify the space HomeO(7(S'^) of homeomorphisms of the unit circle as 
a subspace of D containing (/, g) with f{S^) = g{S^). Assume that this subspace 
is locally defined by the equations t„ = Znitm), then we can define vector fields 
d/dim n G Z, as a restriction of 9/9t„, n G Z, to \iouieoc{S^)- It is easy to deduce 
from the results on D that the evolutions of (5,/) G Homeoc(>S'^) with respect to 
t„,?i G Z, are also governed by the dispersionless Toda flows. 

The inverse functions /~^, g~^ are Riemann mappings of the respective domains 
and It is also interesting to study their evolutions under the context of 
integrable hierarchies. We show that restricted to the space Homeoc(5'^), we can 
define time variables t„, n G Z, which are some Fourier coefficients of 7 and 1/7^^. 
There are complexified vector fields 9„ on Homeoc(S'"'^) whose action on t„,n G Z, 
is given by dntm = 5n,m- Therefore, we can identify d/dtn on Homeoc(S'^) with 
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On- We construct a tau function on Homeoc('5'^) and show that the evolutions of 
{g^^, /^^) with respect to t„,n £ Z, satisfy the dispersionless Toda hierarchy. 

The layout of this papers is as follows. In Section 2, we review some facts we 
need about generalized Grunsky coefficients, generalized Faber polynomials and 
dispersionless Toda hierarchy. In Section 3, we prove that there is an integrable 
structure on the space D of pairs of confornial mappings. In Section 4, we discuss 
the Riemann-Hilbert data associated to our solution to the dispersionless Toda 
hierarchy. In Section 5, we discuss the relation of our work with the work of 
Wiegmann and Zabrodin. In Section 6, we consider the restriction of the integrable 
hierarchy to conformal mappings {f,g) satisfying f{S^) — g{S^)- In Section 7, we 
consider the corresponding problem for Riemann mappings. 



2. Background Materials 

2.1. Grunsky coefficients and Faber polynomials. We review some concepts 
we need about univalent functions. For details, see [21 ] [8l [28 l [29] . 

Let ^{z) = aiz + a2z'^ + ... be a function univalent in a neighborhood of the 
origin and &{z) ~ f3z + /Sq + j3iz~^ + . . ., (3 = aj~ , be a function univalent in a 
neighborhood of oo. We define the generalized Grunsky coefficients bm.n, m,n 
and Faber polynomials P„ and Qn by the following formal power series expansion: 



©(z) 


-6(0 


z 


-c 


@{z) 


-m 




z 




-m 



log ^^ifl^ = log/3 - E E K.nZ-C" 
^ 711 — 1 n—1 

log ^^^^^ = log/3 - £ £ 6„,_„z-C", 



m—1 n—0 

oo oo 



iog^^^^f^ = -EEW"-'T\ 

^ m=On=0 

log^(-^-^-V^.-", 



71=1 



log = log } z"; 

w aiz ' n 



and for m > 0, rt > 1, h^„i,n = ^n,m- By definition, the Grunsky coefficients are 
symmetric, i.e., ^ = ^n,m for all TO,n S Z. The coefficient 6o,o is given explicitly 
by — logai = log/3, where ai = 5''(0) and /3 = g'{oo). Pn{w) is a polynomial of 
degree n in w and Qn{w) is a polynomial of degree n in 1/w. More precisely, 

Here when 5 is a subset of integers and A{w) — ^„ Anw" is a (formal) power 
series, we denote by {A{w))s the truncated sum X^neS^"^"- 

The functions log{<S{z)/ z), Po<3 and Qo(3 are meromorphic in a neighborhood 
of CO and the functions log{^{z)/ z), Pn ° d and Q„ o g' are meromorphic in a 



<n 
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neighborhood of the origin. Their power series expansions are given by 
(2.1) 

log^=log/3- Vfoo,™^-", log^=logai- Vbo,- 

z ^-^ z ^-^ 

m— 1 m— 1 



m— 1 m — 1 

CXj OO 



m — 1 



2.2. Dispersionless Toda hierarchy. The dispersionless Toda hierarchy is a hi- 
erarchy of equations describing the evolutions of the coefficients of a pair of formal 
power series {C,C), where 



C{w) = r{t)w + X Un+i{t)w 

n=0 

OO 



Here r{t), M„(t) are functions of n G Z, which we denote collectively by t; w is a 
formal variable independent of t. The evolution of the coefficients m„ are encoded 
in the following Lax equations: 

(2.2) " 

Here {•, -jr is the Poisson bracket 

dw dto dto dw ' 



and 



Bn = (/:")>o + ^(/:")o, s„ = (^")<0 + ^(^")o. 



Proposition 3.1 in f28^ can be reformulated as 

Proposition 2.1. // there exists a function t of t such that logr generates the 
generalized Grunsky coefficients of a pair (^J, 0) of formal power series, namely 



dHogT{t) 
r)t r)t 



-\mn\bm,n{t), ifm^O,n^O 
|to|6™,o(<), i/ to 7^ 0, n = 

— 26o,o(i), if in ~ n — 0, 



then the pair of formal power series (03 ^) satisfies the dispersionless Toda 

hierarchy. Here and are the inverse functions of & and ^ respectively. 
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3. Pairs of conformal mappings and dispersionless Toda hierarchy 

Let D be the unit disc and D* its exterior. In this section, we consider the 
space of pairs of conformal mappings and show that it has an integrable structure 
modeled by dispersionless Toda hierarchy. First we define the spaces: 

So = |/ : D — > C univalent | f{w) = aiw + a2W^ + . . . ; ai ^0; 

oo ^ /(B); / is extendable to a homcomorphism of C.|, 
Soo = jfl : ID* ^ C univalent | g{w) =bw + bo + biw~^ + ...■,b^0; 
^ 5(10*); g is extendable to a homeomorphism of C.|, 
2)={(/,5) \ f G6o,g€&oo; /'(Oy (00) = ai6 = 1.} . 

Let = /(D) and its exterior, = (/(ID*) and fij its exterior. Ci and C2 
denotes the curves Ci = f{S^) and C2 = g{S^) respectively. Notice that is 
a Riemann mapping of Q'f and is a Riemann mapping of The fimctions 
tn and Vn are functions on the space D defined in the following way: For n > 1, 

t i ^Mlld (w) - ^— I ^„ 

2'KinJsi f{w) 2mnJc,fog-^{z) 



(3.1) 



27r« 7si /(w) 27ri Jc^ / o g-'^{z) 

v-n ~ £^ g{w)f{w)-"-^df{w) = ^ '^"""'S o /-'(-2)rf^. 



For n = 0, 



271"? /gi /(w) 27ri /51 f[wY 



(3.2) =^ / 7 ^^rrr^dz = ^(f z^gof \z)dz, 

2m Jc^ fog ^{z) 2Tn Jc, 

1 / fi gH g'{w) , /(«;) , , /'(w) 1 g(w) 1 , 
27ri /51 t w; /(w) w /(u;)2 w /(w) J 

It is obvious that t„ and u„ depend analytically on the coefficients of the functions 
/ and g. We also define the following functions: 



(3.3) 

1 r ii/f)iu,)g'{w) ^ 1 r i/(/og-i)(C) ^ ^± 

27ri /51 g(w) - z 27n /^^ C - 



27ri /gi f{wy{f{w) - z) 27^^ /^^ C^C - 
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They are meromorphic functions in the respective domains. In a neighborhood of 
the origin or oo, they have the series expansion 

oo 

S+{z) = "^n^""'' S+{z) = - ^ V-nZ''-\ 

(3.4) 

S-{z) = -toz-^ " w„^"""\ S-iz) = -toz-^ + Y nt-, 

n—1 n—1 

Moreover, restricted to the curve C2, 



00 

(3.5) - S+{z) - (z) = V nt„z"-i + toz-' + V 

/°.9 [z] ^ ^ 



n=l 



whereas restricted to the curve Ci, 



(3.6) 5^i_ifZ ^ s+{z) -S-{z) = -Y nt^nz-^-' + to^"' - 



n—1 n—1 

We would Hke to show that {tmU G Z} is a complete set of local complex 

a d 

dt„ ' dt„ 



coordinates on the space D and therefore the partial derivatives j§- , j§- are well- 



defined. First we have the following lemmas. 
Lemma 3.1. Let t ift,gt) be any smooth curve on then 
{d{gtof-')/dt)oMw)^,^^^^^ fd 1 



Proof. It is straightforward to verify that 
d 1 



dt f og- 



' dt g' 'dt 



(3.7) 

The assertion follows immediately. 



□ 



Lemma 3.2. LetCt, t e (—£,£) 6e a smooth family of curves and let h{z,z,t) 
be a smooth family of functions defined in a neighborhood of Ct ■ Then 
(3.8) 
d_ 
di 



, ^ n(z, z, t)dz = (b ——(z.z, t)dz + -^[z, z, t) ——dz T^dz 

t=o \L ^ ' ' ^ ; Jr dt^ ' dz ' ' ' \ dt dt 



t=o 



'Ct 

Here Wt{z, z) is a family of functions such that Wq{z, z) = id, Wt{Ct) = Cq. 

The proof of this lemma is straightforward. In the following, we are mostly 
dealing with function h such that /ij = on C. In this case the second term in p.Sp 
vanishes. 

With these lemmas, we can show that 

Proposition 3.3. // (/t,5t), t E (— £,e) C M, zs a smooth curve on D such that 
dtn/dt = for all n, then {ft,gt) = ifo,go) for all t. 
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Proof. If {ft, gt) is a one parameter family in S) such that dtn/dt = for all n, then 
gives 

and 

= (J(z ) as z — > oo. 

We conclude from (|3.5p that (i((l//) o g^^)/dt is the boundary value of the holo- 
morphic function dS-/dt on 172^, which vanish at oo. Since g is holomorphic on 

D*, 

(3.9) 1(7^)°^WM, ^^s^ 

is the boundary value of a holomorphic function on B*. Similarly, we conclude that 

(3.10) ^^r^^^^yy^ / (w), w e 5 

is the boundary value of a holomorphic function on D. Lemma 13.11 implies that 
the function holomorphic in D* which is equal to p.9p on and the function 
holomorphic in D which is equal to p.lO[) on S*^ agree on 5*^. Therefore, we have a 
holomorphic function on C which vanishes at oo. This function must be identically 
zero. Therefore d{g o f^^)/dt — and working this formula out explicitly, we have 

1 dg{w) _ 1 dfiw) 



g'{w) dt f'{w) dt 
However, restricted to S*^, 

1 dg{w) dlogb 



w e S\ 



g'{w) dt dt 
1 df{w) dlogfli 



w + lower order terms in w. 



higher order terms in w . 



f'{w) dt dt 

Comparing coefficients and using the fact that ai = fo^^, we conclude that dg/dt ~ 
df /dt = 0. This implies that {ft,gt) — (ft), go) ioi all t. □ 

Proposition 13 .31 shows that the set {i„, n g Z} of variables on S) is complete, i.e., 
any nontrivial vector field on S) will change at least one of To show that this 
set of variables are independent, we first introduce some notations. Let Km,n and 
"Pn, Qn be the generalized Grunsky coefficients and Faber polynomials of the pair 
of univalent functions {f~^,g~^)- We have in particular kq^q = — log(/~^)'(0)) = 
log/'(0) = logai ~ — log 6. The following proposition shows that the variables 
tn,n G Z, are independent. 

Proposition 3.4. There are variations dn,n G Z, of {f,g) on D so that dntm = 
Proof. For n > 1 and w G S*^, let 

f'(w)q'(w) ^ 

■' ^ ^ ' m=-oa 

f'[w)q'[w) 
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and let 



wf'(w)g'(w) ^ 



Notice that since V'^iw) is a polynomial in w of degree n — 1 and Q'n{w) is a 
polynomial of degree n + 1 in without w^^ and w*^ terms, the Z x Z matrix 
{wnjm} is nonsingular. Define independent variations 9„,7i G Z on 3D so that 

dnf{w) = -f'{w) I ^W„.iW + ^ W„;mW'" j , 
\ m=2 / 

dn9{w) = g'{w) I iu„;iw + ^ M„;_„iW"™ I . 

V m=0 / 

It follows from p.7p that for n > 1 and z G C2, 

a„ (j^) i^) = {^) og-\z) = V:,og-\z){g-'yizl 

d-n (7^) W = (^) °.9"'W = og-\z)(5-^)'(z), 



do 

For z e Ci, 



(.9-^y(^) 



l9„ (5 o /-I) (z) = (^^) o g-\z) = V'^ o /-l(z)(/-l)'(z), 

(5 o /-I) (z) = (^^) o g-l(z) = o /-1(z)(/-1)'(z), 

;^5o(5o/ ){z) = ^ — jog (z) = ---^. 
As follows from (|2.ip . in a neighbourhood of z = cx), 



m— 1 

00 



m— 1 

m — 1 



m— 1 



^- + > ^ rriKo.mZ 

y ^ — ^ 



q i(z) z 

^ ^ ' m=l 

In a neighbourhood of z = 0, 

00 

m— 1 

00 

° /-'(^)(/-')'(^) = - nz-"-i + n ^ mK 

m— 1 

. s > ^ TOKo,-mZ 

/ ^ z) Z 



m-1 
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The definitions (13. ip and (|3.2p of t„, n £ Z, and Lemma l3^ tiien sliows tiiat dntm — 

As follows from this proposition, {i„,n G Z} are good local coordinates on £>. 
Therefore the partial derivatives and are well defined and coincides 
with the variation 9„ defined in the proposition above. We then have 

Proposition 3.5. The variation of the functions VrmTn £ Z, with respect to the 
coordinates tn, n E Z, is given by the following. For m ^ 0, 

(3.11) = -\mn\Kn,m, n / 0, = |m|Ko,m, 

Otn OlQ 

and for m = 0, 

(3.12) |^ = |n|K„o, n^O, ^ = -2ko,o- 

otn Oto 

Moreover, 

(3.13) ^- = 0. forallm,n. 

^ ' dtn 

Proof. p.l3[) follows immediately since both i„,n e Z, and Vm,Tn G Z, depend on 
the coefficients of / and g holomorphically. (|3.1ip follows from the definition (|3.ip 
of Vm and the proof of Proposition 13.41 For p.l2p , a straightforward computation 
give 

— < log — — - log dM-T^-y^ -JT^ 

otn L W }{W) W J\wy W f(w) 

1 dg{w)g'{w) 1 g{w) d ( dg{w)\ g{w) g' {w) df [w) 

- log t^Mt^ — -log- 



f{w) dt„ g{w) f{w) w dw \ dtn J w f^{w) dt. 

-.(-)^^-log^^^-log^.(^)#^ ' ^^('^^ 



f{wf dtn " w dtn f{wY w 'dw \ f{wY dt,, 

1 dg{w) g{w) df(w) 



Wf{w) dtn wf{wY dtn 

d f 1 dg{w) ^^^ g{w) ^^^f{w) g{w) df{w) 



dw \f{w) dtn w w f{wY dtn 

f{wy \ W W J \ dtn dtn J 

The definition (|3.2p of tig then implies that 
^^^0 1/1 f{w) 9{w)\ ( .df{w) ,dg{wy 



A f{w) , q{w)\ ( I, .dfiw) .dg(w)\ , 

log _ log ^ g'{n})-L^ _ f H^^ dw. 

\ W W J \ dtn dtn J 



dtn 27ri Jgi f{wY 

We obtain from the proof of Proposition 13.41 that 



dvQ 1 / 1 f{w) , q(w)\ , , , , „, , 

' log^^-!-^ - log^^^ = -logai+log6 = 21og& = -2ko,o, 



dto 2-Ki Jgi w 
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and for n > 1 

dvp 1_ 

dt„ 27ri 



TTt Jgl \ W W J ZTTtJgi W 

= - J— <f K ° 5(z)(.g"^)'(2) log - — —dz = nK„,o, 

^TTi JC2 ^ 

Q^^H log log \dw = -—f Q„(w)log 

or-n Zm Jgi \ w w J Im Jgi w 



dw 



1 I „...^..-lv..^,„„rH-) 



= ^ ^ ° /(^)(/"')'(^) log ^^^(i^ = UK. 



Ci 



■n,0- 



□ 



Since the Grunsky coefficients Km,n are symmetric, Proposition 13.51 shows that 
there should formally exist a function T on S) such that dJ-/dtn — Vn- Let ^'(z) 
be a holomorphic function on il^ which has a series expansion 



CO 

Z" 

n 

n=l 



in a neighbourhood of z = 0; and let $(z) be a meromorphic function on which 
has a series expansion 



m = E - 



z 

n—l 



in a neighbourhood of z = cxd. Notice that ^''(z) = — S'-(-(z) and $'(z) = S'_(z) + 
to/z. From Proposition 13.51 and (|2.ip . we have 

Lemma 3.6. The variations of the functions $ and ^! with respect to tn,n G Z are 
given by 

U(Z) = -~Vn{f-\z)) + nKn,0, ^(Z) = -Vn{g-\z)) + z", 

^(.) = -log^ -loga, -(z) . - log ^ - log 5, 

(Z) = -Q4/"'(^)) + 2"", J^(^) = -Qn(.9~'(^)) - 



9t_„ ' at_„ 

Now define the tau function r by 
(3.14) T = iTp = Tf , 

where T is a holomorphic function on Xl defined by 



(3.15) % ; Xr/^"^^ ^ 



87r« /si 

When the sum converges absolutely, log T can be written explicitly as 
logX = ^ - I - i f;(n - 2)it„v^ + L„^;_„). 

n=l 
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By definition, logr is a harmonic function on X). The partial derivatives of logr 
with respect to tn are given by the foUowing proposition: 

Proposition 3.7. For all n G we have 

d log T d log r 



dtn ' dtn 



Vn 



Proof. Since logr = logT + logT and T is holomorphic, it is sufficient to prove that 

91og1 
dtn 

We consider only the case n > 1. The case where n < is similar. From (|3.15p . we 
have 

(3.16) 



1 / 1 r 



2""* Jc2 / ° .9 ^{^) I 
1 / 1 a(.go/-i)(z) 



1 f 9of^\z) f d d^jz) ^ d^jz) 
27ri I dz dtn dtn 



dz. 



Now ff^ = nK„,o, 
1 /■ / 5 



^] {z<i>'(z) + 2<i>(z)}rfz 



27r« Jca \dtn fog i(z)^ 

1 / 1 fdd_^_^^d_^-^^ 



Jc2 f ° 9 H^) I dz dtn dtn 

/ T-^^Ain + 2)z- - zVU9-\z)){g-'yiz) - 2Pn{9-Hz))}dz 
27i"t Jc2 f°9 [z) ^ J 

= ^ £ + 2)g(i«)"g'(«;) - g(«;)n;M - 2n.(u').9'(w;)}d«; 

= (n + 2)t;„ - ^ £^ 7(!l0 {^^"^^^"^""^ ^ 27'„(u;)5'(u;)}di/;, 

1 / dS^{z) 



27ri ./ci c)tn 



|z*'(z) -2*(z)| 



= 0, 



1 I 9orHz) d d^jz) ^ d^{z) \ 



27ri z^ I dz dtn dt 

1 r g{w) 



= - 2ntoKn,o - 2- £^ 7^{-/'(^)^"("') - 2P„(i«)/'(w')}du;. 
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Adding the terms, we find that 

4^- — = 4w„ : * — — dw = 4t;„, 

which is the desired assertion. □ 

Using this proposition and Proposition (|3.5p . we find that 

Corollary 3.8. For the function r defined by p.lSp . tiie have 

-\mn\Km,n, if m^O.n^Q, 
\m\'^mfi, if m^O,n = 0, 

-2ko,o, if m^n^Q, 



log r 



where Km n is the generalized Grunsky coefficients of the pair of univalent functions 

It follows from Proposition 12 . 1 1 that 

Theorem 3.9. The evolutions of the pair of conformal mappings {g, /) with respect 
to tn,n 7i, satisfy the dispersionless Toda hierarchy (|2.2p . 



Since the coefficients of / and g depend holomorphically on the variables i„, 
n £ li, and logr is a harmonic function on !D, it follows that we have another 
solution of the dispersionless Toda hierarchy if we take f„ as the time variables. 
More precisely, let / and g be conformal mappings defined respectively by f{z) — 
f{z) and g{z) = g{z). Then 

Theorem 3.10. The evolutions of the pair of conformal mappings {g,f) with re- 
spect to in,n G Z, satisfy the dispersionless Toda hierarchy (j2.2[) . 



An interesting thing to note is that on the subspace of J) defined by / = / 
and g = g, the coefficients of / and g are real. Therefore i„ are real variables. 
It follows that restricted to this totally real submanifold of S), we have the usual 
dispersionless Toda flows where the time variables i„,n S Z, are real. 

4. Symplectic structure and Riemann Hilbert data 

In the language of Takasaki and Takebe (see and the references therein), to 
every solution of the dispersionless Toda hierarchy, one can associate a Riemann 
Hilbert data (or called the twistor data) . Namely there exist two pairs of functions 
(r, h) and (f, h) of the variables w and t^ such that 

(4.1) {r,/i}T = r, {f,^}j, = f, 

r{C,M) = r{C,M), h{£, M) = h{C, M). 

Here M and Ai are the Orlov-Schulman functions. They are defined so that they 
can be written as 

00 cx: 



n— 1 n— 1 
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and they form a canonical pair with C and £, i.e. 

{£ M}t = w—— - w—— = C 

dw dtn dw dtn 

(4.2 ~ ~ ~ ~ 

(C M}t^w——-w——=C 
dw dto dw dto 

Conversely, Takasaki and Takebe also showed that if (£, £) are formal power series 
of the form (|2.2p , , A4 are formal functions of the form (|4.2p , and there exist 
{r,h) , {f,h) satisfying (|4.ip . then {C,C) is a solution to the dispersionless Toda 
hierarchy. The proof is formal. The main technique is comparing powers of w. 
However nothing is assumed about the convergence of the series. For the conformal 
mapping problems we study in the previous section, C ~ g,C = J . If wc define 
and Ai as (|4.2[) , then compare to p.Sp and p.6p , wc find that restricted to the unit 
circle 5^, 



(4.3) 



M{w)^g{w) {S+{g{w)) - S^{g{w))) 
M{w) = f{w) (s+{J{w))-S.U{w)) 



/H' 



In other words, 

(4.4) M^M. 
Moreover, 

(4.5) CM^C or CM ^ C. 

To prove the identities (|4.2p in our context, notice that (14. 2p shows that for w ^ , 
11 °° 

- {C,M}j, - {g(w),to}j, + V {g(w),Vr,}j,g{wy'^ 

(4.6) CO 

\g{w) dto J 

Using (P?TT|) and (PTT|) . this gives 



1 9 1 °° 

- {£, TWIj, < log5(w) - ^ K„,o5( 



|log5M+log^:Mf!))_iog5-j^l. 
dw 1^ g{w) J 

The identity |>C, 7m| — C can be proved in a similar way, or by observing that 
(113) and ((i3)) give 



£ I ' i T £7^ 1^ J T £ ' ' 

It is interesting to note that the identity {£, A^}j, = 1 can also be written as 
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which is known as the string equation. We can read from (|4.4p and ()4.5p that the 
Riemann-Hilbert data for our problem is 

r{w, to) = w, r{w, to) = pto, 

(4.7) 

h{w,to) = to, h{'w,to) = to. 

On the other hand, we can transform the pair of equations (|4.4p and (|4.5p to 

which is the Riemann Hilbert problem studied by Takasaki [53] in connection to 
string theory. 

5. InTEGRABLE STRUCTURE OF COMFORMAL MAPPINGS A LA 

Wiegmann-Zabrodin 

In this section, we would like to discuss the relation between the integrable 
structure on pairs of conformal mappings discussed in Section [3] and the integrable 
structure of conformal mappings observed by Wiegmann and Zabrodin |3H 1171 
|20] . In the approach of Wiegman and Zabrodin, the coordinates t„ are defined as 
harmonic moments. Given a domain Q~ containing oo, bounded by an analytic 
curve C and with complement f2^, define 

t„ — (f z^"zdz, Vn = <l> z"zdz, n > 1] 

(5.1) If ^ ff 

to = — - f zdz, Wo = - / / loglzpd^z. 

2vri Jc TT J J 

n+ 

For n > 1, let t_„ = — 1„ and v^n = —Vn- Denote by g the conformal map mapping 
the exterior disc to the domain fi" normalized so that g{oo) = oo, g'{oo) > 0. Let 

(5.2) Ciw)^g{w), and C{w) = =1=. 

g{l/w) 

Wiegmann and Zabrodin show that (£, C) is a solution of the dispersionless Toda 
hierarchy with respect to the time variables tn,n € Z. 
Consider the transformation on the space S defined by 

(5.3) {f,g)^ lf{w)^=l=rg{w) ^ 



gil/w) J{l/w) J 

Under this transformation, it is easy to check that 

t„ = — 1-„ for all n =/= 0, and to = to, 
Vn — —v-n for all n ^ 0, and vq = "Co- 
in other words, in terms of the coordinates t„,n G Z, the transformation (j5.3p is 
furnished by the automorphism 

t-„, if 0, 



{tn} ^ {CI > where t^ = 



to, if n = 0, 



of 3D. The invariant subspace of this automorphism is the space S defined by the 
equations t„ = — 1_„ for n ^ and to = to, which is the space containing all pairs 
of conformal mappings of the form {l/g{l/tD),g{w)). It is straightforward to check 
that on the subspace S, the definitions of the variables t„ and u„ p.ip reduce to 
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()5.ip . Notice that S is not a complex manifold because of the one extra dimension 
furnished by the real variable to- We can take the variables to, Rein, Imi„, n > 1 as 
coordinates on the real manifold E. To make some distinctions, we denote by t„ the 
variables t„ restricted to S so that for I, t_„ = — 1„. Any function ^£)(tn,fn) 
on D restricted to the function J^s (tn) — -^©(tn,— 1_„) on S. Therefore, the 
partial derivatives on E can be defined in terms of the partial derivatives gj- 
and ^ by 

d d d . , „ ,999 

din Otn Ot-n 9to Ot^ dto 

Notice that are well-defined (complex) vector fields on S since they annihilate 
the defining functions Zn{tm, im) = tn + i-n, n ^ Z,, oi E. Now since the functions 
1 (|3.15p and v„ (|3.ip on S) are holomorphic, we find immediately from the results 
in Section [3] that their restrictions to S satisfies 

\ —\mn\Km n, if mn ^ 
.... 9 log Is dHogl^ I ' ' f 

(5.4) — ^Vn, dt dt ^1 ifm^tO, n = 0, 

I— 2ko,Oj if m = 71 = 0. 



Proposition 12 . II then shows that {l/g{l/w), g{w)) is a solution of the dispersionless 
Toda hierarchy with respect to the time variables t„, n e Z, with restriction t_„ = 
— 1„. This is precisely the result of Wiegmann and Zabrodin [311 113 EQ]. The 
corresponding tau function is the restriction of T p.lSp to S. We left it as an 
exercise for the reader to show that restricted to S, the function T is given by 

1 1 



logTs = — ^ / / log 



which is a real-valued function. Therefore, restricted to S, r = 1^. As a result, the 
restriction of the tau function r on D to S is not the corresponding tau function 
on S. 

6. CONFORMAL WELDINGS AND DISPERSIONLESS TODA HIERARCHY 

In this section, we review the concept of conformal weldings and discuss their 
evolutions under the dispersionless Toda fiow. For details about conformal weldings, 
one can see [m [H [H [3] . 

Let Homeoc(>S'^) be the space of all homeomorphisms on the unit circle 
S^. Notice that a homeomorphism 7 G Horaeoc{S^) is also a quasi-symmetric 
homeomorphism, i.e., 7(e*^) satisfies the inequality 

for some constant M > I. Therefore, according to the theory of quasiconformal 
mappings, 7 can be extended to be a map on the extended complex plane 
C = C U {00}, which is also denoted by 7, and satisfies 

7 (I) = 4t' e ^■ 

Moreover, 7 is real analytic on C\ S^. 
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In [29j . we used the theory of quasiconformal mappings to show that given a 
quasi-symmetric homeomorphism with its quasiconformal extension 7, there exist 
quasiconformal mappings / and g such that 'y — o f , and /[p and are 
univalent functions. Moreover, / and g are unique if we impose the conditions 
/(O) = 0, /'(O) = 1 and g{oo) = 00. Define f = r o f and g ^ r o g, where r is a 
complex number so that — l/g'{oo), we find that 7 — g^^ o f and f'{0)g'{oo) — 
r^/'(0)g'(oo) = 1. In other words, we have shown that given 7 G Homeoc(S'^), 
there exists two homeomorphisms / and g of the plane, such that 7 = g~^ o /, 
and and g\g, are the unique univalent functions satisfying /(O) = 0, g{oo) — 00 
and f'{0)g'{oo) — 1. The decomposition of 7 as g~^ o / is known as conformal 
welding or sewing. 

Given 7 G Homeoc('5'^) with conformal welding J ~ g^^ o f, we can associate 7 
with the simply connected domain 17+ ~ /(U) = g{^), its exterior = /(B*) = 
(7(D*) and their common boundary C ~ f{S^) ~ g{S^), a curve. However, such 
an association is not one-to-one. If 71 = g^ o fi and 72 = g2 ° /2 are associated 
to the same domain, then /i(ID') = fii^) implies that f^^ o /2 is a univalent 
function on D mapping the unit disc back to itself. Therefore, fi^of2 is a linear 
fractional transformation of the form e'^^j^^ for some a G D and 6* G M. However, 
the condition /i(0) = /2(0) = forces a = 0. Therefore, we are left with the 
possibility f2{z) = /i(e'^z). Similar argument shows that 51 (D*) = g20^*) implies 
that g2{z) — 5i(e*'^z) for some a; G M. The condition /j(0).gj (oo) — 1, j — 1, 2, then 
force e*^ = e*'^. On the other hand, it is easy to show that given 7 G Homeoc(<S'^) 
with conformal welding 7 = g~^ o f and given r G S*^, the conformal welding of 
r^^ o 7 o r G Homeoc(>S'^) is given by 7 = [g ° i")^^ ° {f o r) and therefore 7 and 
r^^o^or are both associated to the domain 17+ = /(D) = /or(D). As a conclusion, 
71 and 72 are associated with the same domain 0+ if and only if 72 = o 7]^ o r 
for some r G S"^. 

Now return to our discussion on the evolutions of conformal mappings, we see 
from the unique decomposition Homeoc(5^) 37 = g~^ o / that we can identify 
Homeoc(<5'^) as a subspace of D containing the pairs {f^g) with f{S^) — g{S^). 
Unlike the subspace E which can be easily identified as the subspace of J) defined 
by tn — —t-m the characterization of the space Homeoc(<S'^) is a highly nontrivial 
issue. Assume that the subspace Homeoc(<S'^) can be defined locally by i„ = 
Zn{tm)- Then we can take t„ = t„ as a set of local parameters on Homeoc(>S'^) 
so that any function J-^{tn,tn) on D restricted to the function J-'-iiomcoc{S^){'tn) = 
T'z (t„,Z„(i,„)) on Homeoc(<S'^). The (complex) vector fields 

£?t„ dt-a ^ Otn Otm 

m— — 00 

are then well-defined vector fields on the subspace Homeoc(<5'^). Now using the 
same reasoning as in Section [5l one can prove that (|5.4p still holds. It follows that 
with C — g and C = f ^ their evolutions with respect to t„ satisfy the dispersionless 
Toda hierarchy (|2.2[) . One should take note that the t„-fiow on Homeoc(<S'^) is 
different from the t„-flow on J). We would also like to remark that now the variables 
t„ cannot be treated as local coordinates on Homeoc(S'^) since they are complex 

^The conformal welding of 7 G S'^\Diff+(S'^), where Diff_|_(S'^) is the space of diffeomorphisms 
on the unit circle, was first discussed in [11] . 
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variables and their complex conjugates satisfy some nontrivial relations t„ = -Z„ (tm) 
on Homeoc(S'^)- 

7. RiEMANN MAPPINGS AND DISPERSIONLESS TODA HIERARCHY 

Since the functions /^^ and are respectively the Riemann mappings of the 
domains Q'^ and Q2 j it is natural to ask whether we can describe the evolutions of 
the Riemann mappings by dispersionless Toda flows. Here we are not 

going to explore all the possibilities. We restrict our consideration to the solutions 
governed by the same Riemann-Hilbert data (|4.7p . Formally, one can just replace all 
the / and g in the definitions and proofs above by and and get the desired 
results. However, analytically this is not feasible. Tracing from the beginning the 
definitions of i„ and f„, we immediately bumped into the problem that f~^og 
and g~^ o / are not well defined for general / and g. To make o g and g~^ o / 
well defined, we have to restrict our consideration to the space Homeoc(S'^) where 
f{S^) — g{S^). g^^ o f and /^^ o g are then homeomorphisms of the unit circle. 
In this case, the functions t„ and v„ defined as in ()3.1|1 can be considered as Fourier 
coefficients. More precisely, given a homeomorphism 7 of the unit circle, the 
functions t„, v„, n < , and to on Homeoc(S'^) are the coefficients of the absolutely 
convergent Fourier series expansion of 7 = g"^ o / on S"^: 



(7.1) 7(u;) = - ^ nt_„w~"+i + tow - > v_,; 



n—l n—1 



For n > 0, the functions t„, v„ are the coefficients of the Fourier series expansion 
of 1/7-1 = (l//-i)o5 on S^: 



^00 00 



(7.2) \ nt„«;"-i+co«;-^ + > v„u;-"-\ w = e'^ 

' ^ ' n=l n=l 

For the coefficient co, it is easy to check that it coincides with to: 

1/ 1/ 7(w) ^ 

co^ — f dw ^ TT- f -a-/[w) = TT- f — —dw = to. 

Zm J 1 \^) 27ri Js^ w Zm Jgi 



Finally, similar to (|3.2p . the function Vo is defined as 



27ri T^'i \\ w J w"^ \ w J J i(w) / 27rz Jc / ^{^) z 

Heuristically, it is equal to 

Vo = -— * (logw) — 5 ——]dw. 

One should take note that as in Section El the condition f{S^) = g{S^) implies 
some nontrivial relations between the variables t„,t„,n G Z. As in Section [5l 
assume that locally, we can regard Homeoc('5'i) as a submanifold of a complex 
manifold defined by the zeros of the functions tn — 3nitm), then we can define the 
vector fields ^ by (|6.2p . Alternatively, one can regard ^ as complexified vector 
fields on Homeoc(5'i) as shown by the following proposition. 

Proposition 7.1. There are complexified vector fields &„ on Homeoc{S^) such 

that djitfji — ^n.ni- 
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Proof. At every point 7 G Homeoc(>S'^), a local coordinate chart is given by 
(wo,Reu„,Imu„) t-^ f,tie+u(0)) ^ where u{0) = EnGz'""'^*"^ = 
Equivalently, we can also use (un)nez as local coordinates and a complexified vec- 
tor field d on Honieoc(S'^) can be written as 

°° d 

n— — oo 

where G C. Its action on 7 is 

/ 00 \ 

dj{w) — i j ^ Cnw""^^ j o 7(w). 

\n— — 00 / 

Let 6m, n be the generalized Grunsky coefficients of (/, 5) and Pn{z),Qn{z) the 
associated generalized Faber polynomials. Consider the complexified vector fields 
dn whose action on 7 is given by 

00 

dnliw) = mnh-mW''^^ = w^P'M{w))f'{w), 

(7.3) 

m— 1 

for n > 1 and 

(7.4) dol{w) ^w~f] mb^,ow"'+^ = w^^^. 

As in the proof of Proposition 13. 4[ one can show that dn,n G Z, give rise to 
independent variations of 7. 

From the definitions (|7.ip and (|7.2p . we find that for n G Z, 

00 00 

(7.5) dnj{w) = - ^ m[a„t_„>-"+i + [9„to]u; - ^ [a„v_,„]«;™+\ 

m— 1 m— 1 

and 
(7.6) 



(7 i)'(w)(a„7) 07 ^ r« 4- 1 m-i , n 4- 1 -1 I Y^r;3 1 

= 2^ m[a„tm]w™ + [dnto]w + [dn\/m] 



7 i(w)2 

1 m— 1 



-i(u')2 

Using the definition of dnj{w) given by (|7.3p and (|7.4p . we find from (|7.5p that 

oc 00 00 

(7.7) J2 mnb_m,nw"'+^ = - ^ m[a„t_,„]u;-™+i + [a„to]u,- ^ [a„v_™]i(;"+i 



(7.8) 



m— 1 

for 71 > 1, and 
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On the other hand, using (17. 6p and / o 7 ^ = 5, we have 
00 00 

m— 1 m— 1 

(7.10) , (7-) ° - ^^u^i^b^^o 



m — 1 

00 00 



(7.11) 



^Q'n{9iw))g' {w) = - ^ nmfo„ 



m— 1 

- rn — 1 



m— 1 

for n > 1; and 
(7.12) 

m— 1 m— 1 ^ ' m— 1 

We can then read from jLT]), jLH]), jLH), (fTTOl) . (TnT]) and (frT2l) that a„t,„ (5„,,„ 
for aU n, m G Z. □ 

It follows from this proposition that we can identify the vector field with 9„ 
defined in the proof. One can also trace from the proof that 

Proposition 7.2. Let bm,n be the generalized Grunsky coefficients of the pair of 
univalent functions if,g)- The variation ofv^, rn G Z, with respect to t„, n G Z, 
is given by the following: 

= ~\mn\bn^rn, " / 0, and = \m\bo^rn- 

Otn Oto 

For the function vq, we have 
Proposition 7.3. The variation of vq with respect to t„, n G Z, is given by 

Tr-="Pn.o = ^, n:^0, — = -26o,o- 

otn oto Oto 

Proof. We have 

at„ 27ri/siV w / V ''i' J \dtnl-W 

Using the series expansion for each term give the desired result. □ 

For the tau function, we define it as 

r-7 + 8^i^<-*'w + ^*<'")><"" 



1 / 7(w) 



„ {wij}' {w) — 2ijj{w)) dw, 
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where 

oo oo 
n— 1 n— 1 



From Proposition 17.21 and the identities in (|2.ip , we find that the variations of 
'ip{'w) and 4'{w) with respect to t„,n g Z, are given by: 

Lemma 7.4. T/ie variations of the functions "0 aJ^c? (j) with respect to t„, t_„, 
n > 1, and Iq are given by 

- -P„(/M) + n6„,o, -^(«^) = -n.(.9H) + w\ 

Otn dt„ 

-f = - log + logai, w = - log + log&, 

oto w ato w 

90; 



-{w) = -Qn{f{w)) +w -- — (w) = -(3„(g(w)) - n6_„,o. 



at_„ ' 9t_„ 

From this, we can prove as in Proposition 13.71 that 

Proposition 7.5. The tau function generates the functions v„, namely 

dlogT 

for all n £ 1j. 

Combining this proposition with Proposition 17.21 and Proposition 17.31 we have 

(-\Tnn\b„in, a m^Q,n^O 

O log r III 

(7.13) dt dt ^1 l"^!^"'"' ifm^O,n = 

I — 26o.05 if m = n = 0. 

Therefore, we conclude by Proposition 12 . 1 1 that 

Theorem 7.6. T/ie evolutions of the Riemann mappings (g^^,/^^) with respect 
to t„,n G Z, satisfy the dispersionless Toda hierarchy 
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Appendix A. The subgroup of linear fractional transformations 

In this section, we consider the subspace of S) containing those (/, g) where 
/ and g are linear fractional transformations. The conditions /(O) = 0, .g(oo), 
/'(0).g'(oo) = 1, oo ^ /(D) and ^ .g(D*) imply that / and g have the following 
forms: 

c 
I 

Notice that here we have three complex parameters a, b and c. It is straightforward 
to compute from the definition (j3.1|) of i„ and w„ that 

(A.l) t-i = -c, to = 6^ h = ab, i„ = for aU \n\ > 2; 



1 w 

■/'(^) = IT"^ ' |a| < 1' g{w)=bw + c, 5^0, 

6 1 + aw 
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for n > 1, Vn ^ b^c" 



and uo = log -b^ + abc. 



Therefore, we see that the subspace of linear fractional transformations is charac- 
terized by tn = for all |n| > 2. As a function of to and ti, we have 

t^n = (-l)"ioi-i, W-„ = -to^'i , Vq = tologto - to - t^iti. 
A straightforward computation shows that the t function ()3.14p is given by 



exp ( jlogtl ~ -tl-t^itoh 



From this, it is easy to verify that 

dlogT dlogT 



(A.2) 



v-i, 



dto 



vq, 



dlogT 
dti 



Vl. 



Now we consider the restriction of (/, g) considered above to the subspace S and 
Homeoc(<5'^). Restricted to S, 



1 



= f{w) = 



1 



1 



hl + aw g{l/w) hl + lw 

Therefore, 

b = b and = = a. 

b 

(jA.l|) then implies that to is real and ii = — t-i. Therefore 

Vn = hti = -v-n for n^\, and = to log to - io + l^il 
and the tau function T is 

T = exp(^^logtg-^t2 + to|ti|' 

Again, one can show that (jA.2[) holds. 

For the restriction to Homeoc(>S'^), the condition f{S^) = g{S^) is equivalent to 
7 = g~^ o / is a linear fractional transformation mapping 5*^ to itself. Equivalcntly, 
7 G PSL(2,K). This implies that 



v/(i-l«P) v/(i-l«P) 

Substituting into (jA.ip gives 



and jiw) = e 



, w + a 
1 + aw 



ae 2 



Therefore, 



t-i — ti, 



ae 2 



<n = 



to 



ti 



As a function of t_i, to, ti, the tau function is given by 



(A.3) 

stiU holds. 



X = exp^logt2--t2-t_itoti 
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Next we consider the time variables t„ and the functions v„ for the evolutions of 
the Riemann mappings (<?^^,/^^). Since 

oo 

7(w) = ae-*" + ^(-l)"e""a"(l - |a|')w"+\ 



1 

— M = -a + ^e-("+i)"(l-|an 



n=0 

we find that the variables t„ and v„ are given by 

ti = -a, to = e-'"(l - lap), t_i = -ae~*", t„ = 0, V|n| > 2, 

v„ = e-*("+i)"(l - |ap)a", v_„ = (-l)"-ie~*"a"(l - |ap), n > 1. 

On the other hand, we also have 

Vo = tologto - to - tit_i. 

The local coordinates a, a, a of Homeoc(S'^) can be expressed in terms of t_i,to 
and tl by 

a = -tl, e"*" to + tit_i, a = — !^ , 

to + tit_i 

and the fmictions v„,n £ Z can be written as functions of t_i,to and ti by 
v„ = (-l)"tot'li, v_„ = -tot", vo = to logto - to - tit_i. 

In terms of t_i, to and ti, we have 

- _ tl _ _ to _ _ t_i 

t-i — ■; — ~r~, — 7 to — -- — — — — -7^, tl — 



to + tit_i' (to+tit_i)2' to+tit_i' 

The tau function is given by 

/t^ 3 
r = expf ^logtg--t2-t_itoti 

Its dependence on t_i,to,ti is the same as (jA.3p . 
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